Phase-field simulations were performed to investigate the effect of elastic field on the transformation kinetics of precipitation for both the single-and the multi-particle systems with different alloy composition c 0 and lattice misfits in Ni-Al binary alloys. Simulated results indicate, for both the single-and the multi-particle systems, that there exists a critical value c crit for the alloy composition. When c 0 < c crit , the elastic field delays the transformation, otherwise, accelerates the transformation. Increasing the lattice misfit accelerates the transformation when c 0 > c crit , but decelerates the transformation when c 0 < c crit . The elastic field also has great effect on the peak value and its occurrence time of transformation rate, and their values are dependent on the alloy composition. The variety of the effect of elastic field on the transformation kinetics is determined by the competition between the self-elastic energy and the strain-induced interaction energy in different systems.
Introduction
An important aspect of materials research is the description of the transformed fraction at a given time. To achieve this goal, the Johnson-Mehl-Avrami-Kolmogorov (JMAK) [1] [2] [3] [4] theory is generally used for its simplicity. However, the JMAK theory is only precise on the basis of some rigorous assumptions, which are: (i) the system studied is infinite in extent, (ii) nuclei are randomly distributed, (iii) the growth of particles is isotropic and ceases at their mutual impingement. In fact, a real phase transformation process is usually more complicated. For example, precipitation processes involve soft-impingement and elastic field arising from solid-state transformation. Meanwhile, the growth of particles might be anisotropic in the presence of elastic field. The mentioned above do not obey the assumptions used in the classical JMAK theory. Therefore, the classical JMAK theory can not well describe the whole precipitation process but only at the early stage.
In an inhomogeneous and anisotropic system, elastic field is always involved, which makes it difficult to solve the transformation kinetics using an analytical method. In recent years, phase-field method has been appeared as a powerful tool for materials research. The anisotropic elastic field can be easily coupled with phase-field model and soft-impingement can also be naturally taken into account. So phase-field method is quite useful for the investigation on the transformation kinetics of precipitation. Jou et al. 5) have investigated the transformation kinetics of precipitation in Ni-Al alloys by comparing phase-field simulation results with the JMAK kinetics. Shen et al. 6) have studied the effect of soft-impingement on the overall transformation kinetics through three groups of phase-field simulations corresponding to the standard JMAK analysis: site saturation, constant nucleation rate and concurrent nucleation and growth. However, so far, at the knowledge of the authors, no detailed work has been done to study the effect of elastic field on the transformation kinetics using phase-field method. Obviously, the elastic field has great influence on the transformation kinetics especially in the system with high lattice misfit. Therefore, in this study, the effects of elastic field on the transformation kinetics for both the single-and the multi-particle systems will be studied in NiAl binary alloys. And the effects of the alloy composition and the lattice misfit will be focused on.
Model

Phase-field model
To describe the L1 2 ordered precipitate phase in Ni-Al binary alloys, three long-range order parameters, 1 ðr; tÞ, 2 ðr; tÞ and 3 ðr; tÞ are needed. To describe the composition evolution, one order parameter cðr; tÞ is used, where r is the coordinate of the system. These three order parameters will be equivalent in a single-particle system, namely, 
where M is solute mobility, L the interfacial kinetic coefficient, F the total non-equilibrium free energy of the system, which is contributed from the incoherent bulk free energy f ðc; i Þ, the inhomogeneities in concentration field and long-range order parameters. If the elastic field is taken into account, the contribution of elastic strain energy should be included. The contributions of bulk free energy and gradient terms can be written as,
where ; are gradient energy coefficients. The bulk free energy density can be approximately expressed by a Landau polynomial, [7] [8] [9] 
Elastic energy equation
The elastic free energy density of an inhomogeneous system is written as, where ijkl ðrÞ is the elastic modulus tensor, " el kl ðrÞ is the elastic strain tensor,
in which " " " kl is the homogeneous part of total strain, cðrÞ ¼ cðrÞ À c 0 , " 0 ð1=aÞðda=dcÞ the composition expansion coefficient, a the stress-free lattice constant, c 0 the average composition of the system, kl Kronecker-Delta function, uðrÞ the local displacement field. Because the relaxation of elastic field is much faster than diffusion processes, we can get the mechanical equilibrium,
uðrÞ can be acquired by iteration methods. 10) Substituting uðrÞ into eq. (5), elastic energy density is obtained.
Results and Discussion
The simulation is performed on a square domain which is discretized by 256 Â 256 grids for the single particle system and by 512 Â 512 grids for the multi-particle system. Kinetic equations are solved by semi-implicit Fourier spectral method 10) with periodic boundary conditions. The calculation temperature is 1000 K, and the interfacial energy of 25 mJ/ m 2 is used. Gradient energy coefficients, 3.1 Transformation kinetics in the single-particle system 3.
Effects of the alloy composition
To reduce the effect of the interactions (free of elastic effect) between particles and demonstrate the main influence from the elastic field, the single-particle system is at first studied. The systems with four sets of alloy composition, c 0 ¼ 0:13, 0.14, 0.15 and 0.17, are investigated. The lattice misfit is set equal to 0.01. Figure 1 shows the scaled fractions transformed, x ¼ x tr =x eq , as a function of the dimensionless time t, where x eq is the equilibrium faction calculated from phase diagram and x tr the actual transformed faction. Note that when the elastic field is present, the transformed fractions are quite different from those when the elastic field is absent. When c 0 ¼ 0:13; 0:14, the curves of fraction transformed in the systems with elastic field are lower than those without elastic field. Hence, in this case, the elastic field delays the transformation. However, when c 0 ¼ 0:15; 0:17, the curves of fraction transformed of the systems with elastic field are higher than those without elastic field, which means the elastic field accelerates the transformation in this case. Therefore, it is concluded when the alloy composition is different, the elastic field plays different roles.
The effect of elastic field can be analyzed in a similar way which is applied to the nucleation process by Shen et al.
12)
The anisotropic elastic field occurring in the precipitation process includes two parts: self-elastic energy and straininduced interaction energy (in a single-particle system, since the periodic boundary condition is used, the strain-induced interaction energy equivalently exists). Usually, the selfelastic energy is an impediment to the phase transformation, while, totally, the strain-induced interaction energy is an impetus (although it might be an impediment in some crystallographic directions). Therefore, when the alloy composition is low (such as c 0 ¼ 0:13), the self-elastic energy dominates the strain-induced interaction energy, so the result presents the self-elastic energy's effect, i.e. decelerating the transformation. However, when the alloy composition is high (such as c 0 ¼ 0:17), the strain-induced interaction energy is dominant, resulting in the acceleration of the transformation. On the other hand, we can also explain the effect of elastic field from the aspect of diffusion potential gradient. The effect of elastic field can be attributed to the elastic potential, el , due to the coherency strain accommodation. The precipitation process is mainly controlled by the diffusion of atoms, and the presence of elastic potential gradient will induce an extra mass flow of solute atoms. The effect of elastic field on the transformation will be clear by investigating the driving force i.e. the gradient of diffusion potential. In the presence of elastic potential, the diffusion potential can be written as, Figure 2 shows the gradients of diffusion potential along the crystallographic h11i direction in the matrix phase near the = 0 interface at dimensionless time t ¼ 1000 (Due to the similar tendency of the diffusion potential gradient in all crystallographic directions, only one direction is shown here). It is seen that when c 0 ¼ 0:13, the gradient of diffusion potential in the system with elastic field is smaller than that without elastic field, while when c 0 ¼ 0:17, a reversed result can be found. As a consequence, the presence of elastic field results in the slower transformation when c 0 ¼ 0:13, while the faster transformation when c 0 ¼ 0:17. Figure 1 also shows that all the curves of transformed fraction with elastic field deviate from those without elastic field. However, the tendency and the degree of deviation are not the same. To indicate them, we define Áx as the difference in transformed fraction between the systems with and without elastic field. As illustrated in Fig. 3 , there exists a critical value c crit for the alloy composition. With the increase of the alloy composition, when c 0 < c crit , the deviation becomes smaller and smaller (see the cases of c 0 ¼ 0:13 and 0.14); However, when c 0 > c crit , it becomes bigger and bigger (see the cases of c 0 ¼ 0:15 and 0.17). It should be noted that it is quite difficult to deduce an analytical solution of c crit because both the elastic field and the free energy condition have effects on the value of c crit . When the lattice misfit is 0.01, c crit is between 0.14 and 0.15 for Ni-Al binary alloys under the chemical free energy condition used in the present paper.
Effects of lattice misfit
To study the effect of lattice misfit on the transformation kinetics, two different systems, with c 0 ¼ 0:13 and 0.17, are investigated. The lattice misfits are set equal to 0, 0.005, 0.008 and 0.01, respectively, to study their effects on the fraction transformed. From Fig. 4 one can see that the effects of lattice misfit are quite different in these two systems. When c 0 ¼ 0:13 (Fig. 4(a) ), the curves of fraction transformed are getting steeper and steeper with the decrease of lattice misfit. It indicates that the larger the value of misfit, the slower the rate of the transformation. On the contrary, when c 0 ¼ 0:17 (Fig. 4(b) ), the curve of fraction transformed with misfit of 0.01 is the highest. That is, the transformation is accelerated with the increase of lattice misfit.
Transformation kinetics in the multi-particle system
The mentioned above is focused on the single-particle system. However, in a practical precipitation process, it should be a multi-particle system. And usually, the interactions between particles can not be neglected. Especially, when the elastic field is present, the interactions may be crucial. Therefore, in this part we will move to the case of multi-particle system.
Effects of alloy composition
In the multi-particle system, there will also be a critical value of alloy composition for a fixed lattice misfit. Here, only two different systems with c 0 ¼ 0:14 and 0.17 are presented to show the different effects of elastic field on the transformation process. The lattice misfit is set equal to 0.01. Both continuous nucleation and site-saturation nucleation cases are studied in each system. To avoid the effect of distributions of nuclei in the limited calculation domains, the final results are the average of ten-time simulations with different seeds. Figure 5 shows the plot of the scaled fractions transformed x versus the dimensionless time t in the system with c 0 ¼ 0:14. The curves of faction transformed with elastic field are lower than those without elastic field in both the continuous nucleation and the site-saturation nucleation cases. This indicates that the elastic field delays the transformation, which is similar to the case in the single-particle system of the same composition. As to the system with c 0 ¼ 0:17, as shown in Fig. 6 , the curves of faction transformed in the system with elastic field are higher than those without elastic field. It is obvious that elastic field is favorable to the transformation, which is also similar to the case in the single-particle system of the same composition. The reason for this can be similarly ascribed to the competition between the self-elastic energy and the straininduced interaction energy.
In the presence of elastic field, the transformation rate together with the time corresponding to the peak of transformation rate is different from those without elastic field. However, the regularities are not the same in the systems with c 0 ¼ 0:14 and 0.17. Here, the continuous nucleation case is taken as an example. Figure 7 and Figure 8 , for systems with alloy composition of 0.14 and 0.17, respectively, show the scaled transformation rate dx=dt versus t and dx=dt versus x for continuous nucleation case. As shown in Fig. 7(a) , when the elastic field is present, in the case of c 0 ¼ 0:14, the peak value of transformation rate appears later than without elastic field, while in the case of c 0 ¼ 0:17, it appears earlier as shown in Fig. 8(a) . Furthermore, the peak values of transformation rates are also different in each system. From Fig. 7(b) and Fig. 8(b) , it can also be seen that the fraction transformed corresponding to the peak transformation rate is also affected by the elastic field. The value of corresponding fraction transformed with elastic field is reduced when c 0 ¼ 0:14 but increased when c 0 ¼ 0:17.
Effects of lattice misfit
The system with alloy composition of c 0 ¼ 0:14 is taken as an example to investigate whether the effect of lattice misfit presents the same regularity as described in the singleparticle system. The values of lattice misfit are set equal to 0, 0.005, 0.008 and 0.01, respectively. As illustrated in Fig. 9 , the regularity is similar to the case of single-particle system, and a similar tendency of the effect of elastic field on transformed fraction can be found in the multi-particle system for both continuous nucleation and site-saturation nucleation cases. 
Conclusions
The effects of elastic field on the transformation kinetics in precipitation for both the single-and the multi-particle systems were studied by phase-field method in Ni-Al binary alloys. The main following conclusions are reached.
(1) For both the single-and the multi-particle systems, the alloy composition has a critical value of c crit . When c 0 < c crit , elastic field delays the transformation but accelerates the transformation when c 0 > c crit . (2) When c 0 < c crit , the larger the value of misfit, the slower the rate of the transformation is, while a reverse conclusion will be obtained when c 0 > c crit . (3) The elastic field has great effects on the peak value and its occurrence time of transformation rate. Their values, which will be increased or decreased, are dependent upon the alloy composition. (4) The various effects of elastic field on the transformation kinetics in both the single-and the multi-particle systems can be related to competition between the selfelastic energy and the strain-induced interaction energy. (5) The value of c crit is influenced by the elastic field and the free energy condition. 
